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Introduction
For any given density distribution, the gravity effect will give rise 
to a unique gravity anomaly. Since gravity anomaly data is 
obtainable at the earth's surface, it would be fortuitous to devise a 
method which resolves the gravity anomalies into the density 
distributions beneath the surface. In geophysics, these procedures 
are classically known as the forward and the inverse problems. The 
forward problem produces an anomaly which corresponds to a given 
sub-surface geological structure. The inverse problem produces a 
model of the sub-surface structure from observed anomalies. 
Unfortunately, gravity anomaly data suffers from a non-uniqueness 
since an infinite number of density distributions could give rise to a 
particular anomaly. However, together with other geophysical 
constraints, inversion techniques could return a reasonable 
approximation of the actual density structure. This application could 
be very important in reconnaissance work (Dobrin, 1976). The 
purpose of this article is to test the accuracy of an inversion method 
by first solving a forward problem which produces a gravity anomaly 
from a known two-dimensional source body. Resolving this well 
defined anomaly by a matrix inversion method is expected to yield 
approximate the density distribution specified in the forward 
problem.
The Forward Problem
The forward problem involves generating a surface gravity 
anomaly profile from the gravity effect of a two-dimensional object 
with a specified size, shape, density, and burial depth. An expression 
for the anomaly develops from basic relationships involving 
gravitational acceleration, g. On the basis of Newtonian gravitation, a 
mass subject to the gravitational pull of the earth will free fall to the 
earth's surface with a force
2.
F = mjg. (1)
The gravitational force between two masses (mj and m2 ) separated 
by a distance, r, is given by
mi mo__ __ I  ^ v
F = G • (2)
where G is the universal gravitational constant. By equating 
equations 1 and 2, and dividing them by an equivalent unit mass, 
m 1, we arrive at an expression for the gravitational effect on a mass
due to the earth,
g = , (4)
or more generally,
g = G j .  (5)
where m is an arbitrary mass element, and r is the distance between 
the mass and the surface point of measurement. This situation is 
pictured in figure 1.
Bott (1973) specifies that the mass element take the form of a 
closed body such that its surface is only cut once or not at all by a 
vertical line, and that the density be considered a function of vertical 
components. This simplifies the expression for g since only the 
component normal to the surface measuring station is observed.
Since the measured gravity at the surface repress-’s the vertical 
component of the gravitational attraction, gx, due to an arbitrary
mass, m, it can be calculated by integrating the gravity effect of a
3.
Figure 1. Gravitational attraction, g, due to an arbitrary 
mass, m, as measured at surface point x..
discretized mass element, dm, over the whole mass (Sharma,1986). 
The expression for gx now becomes
gi = O j* *Mrcos(<|>) . (5)
where $ is the angle between the gravity pointing vector and its' 
vertical component (figure 2.).The mass element, dm, can be further 
described as
dm = p dx dy dz , (6)
where p is the density of the element. It follows that
* ■  o  J / /  f  d , c w  . (7)
4.
X
Figure 2. The g pointing vector must be resolved into
its' vertical component. The vertical component 
of gravitational attraction is related to g by the
cos(<|>).
From geometry, an expression for r2 can be derived in terms of the 
space coordinates
r^ .= (x-x.)2 + y2 + z2 . (8)
Cos(<|>) can also be expressed in terms of x, y, and z through 
tigonom etry
cos(<t>)
z z_______
r V(x-x-)2+y2+z2
(9)
Consequently, the vertical component of the gravitational 
acceleration due to an arbitrary mass is given by the expression
5.
gx =
, p dx dy d z  ______ z_______
(x-x .) + y2 +z2 ^/(x-x.)2+y 2+z2 ( 10)
which simplifies to
gi= PC
J J J
z dx dy dz 
|(x-x.)2+y2+z2 |3^2
(ID
In gravity work, we do not in actuality measure git  rather we 
measure the gravity anomaly, Ag. The expression for the gravity 
anomaly is essentially the same as for the gravitational attraction. 
The gravity anomaly is the difference between a reference and the 
observed gravitational attraction of the earth,
Ag = gobs '  gref, ( 12)
where g0 bs is the observed gravitational attraction, and gref is the 
reference regional gravitational attraction. Similarly, the density of 
the body we are considering is an anomalous density, Ap, described 
by
Ap -  P body " P surrounding matrix . 
The formula for the gravity anomaly then becomes
Agj (x.)= ApG z dx dy dz __
l(x-x.)2+y2+z2|3 2^
(13)
(14)
where the anomaly varies as a function of the point of measurement 
at the surface, x..
For a two-dimensional case, the model assumes that the 
anomalous mass will extend to an infinite length in the y direction 
(Green, 1975). So, to produce an expression for a two-dimensional 
object, the dy component is integrated over a length L to -L, and
6.
then the limiting value is taken as L approaches infinity:
Agj_(x.)= A p G
z dx dy dz 
|(x-x.)2+y2+z2 l^ 2
(15a)
Agi(x.)= ApG
((x-x.)2+y2+z2 l V(x-x.)2+z2+y2
d x d z (15b)
Agi(x.)=ApG
Z L -L 1
J •>
|(x-x.)2+y2+z2 | ■'/(x-x.)2+z2+y2 -\^ (x.x>)2+z2+y2
dx dz
Ag±(x.)= 2ApG
|(x-x.)2+y2+z2| /  (x-x.)2+z2V
dx dz (15 d )
L2 •+1
lim  
L— Agj/x.) = 2ApG
r z dx dy
J  J (x-x.)2+z2
(15e)
Agi(x.)= 2ApG
' z d x d y
(x-x.)2+z2 (15)
The above expression is for a mass object with arbitrary 
geometry. If the geometry of an object is prescribed, the integrals 
can then be evaluated. For example, a circular two-dimensional 
object (figure 3.), we have
R2 = (x-x.)2 + (z-z.)2. (16)
where R is the radius of the circle. The limits on the integration are
7.
Agj_(x.)= 2ApG
z.+R
z.-R J
x.+Vr 2-(z-z.)2
x.-V R2-(z-z.)2
(17)
Equation (15) can be written in matrix notation as follows:
|A 1 = 2ApG
"z dx dy
, (x-x.)2+z2
(18a)')
IA p 1 = Ap
|A g l) => Agx
(18b) ► lAgil = |A| |Ap| . (18)
(18c V
[AgiJ = |A) [ApJ . (19)
This equation forms the basis for the inverse problem.
A FORTRAN program was devised to solve equation (15). The 
computer is a powerful tool for solving matrices since a matrix can be 
easily read into an array, and their multiplication can be performed 
quickly. The program solves for the forward problem by prompting 
the user to specify the length of the profile, the depth, the density 
and radius of the object, and the number of discrete elements in 
terms of grid components of the circle (e.g. a 10 by 10 grid has 100 
components). The greater the number of discrete elements that the 
object is divided into, the greater the resolution of the generated 
gravity anomaly. Solving the forward problem produces a gravity 
anomaly along a horizontal line at ground surface due to a sub­
surface object.
8.
The Inverse Problem
in j real physical setting, sub-surface density structures are 
unknown and only their gravity anomalies at the surface are 
observable. The inverse problem should resolve the gravity anomaly 
data into the density distributions that produced it. Since the gravity 
anomaly, |Agx |, is already known, the bulk of the inverse problem
work revolves around producing and inverting the distance matrix, 
[AJ. To develop the |A] matrix, a grid system is used (figure 3).This 
grid system divides the sub-surface region under the gravity profile 
into discrete cells. Each cell is represented by a constant density, 
p(x.,z.). The mass of each cell is represented by a point mass located 
at the cell's center. The sum of the gravity effects from each 
cell results in the gravity anomaly measured at the surface. The (A) 
matrix represents the distance from each cell center to every
Ground dx
Surface
-----X---- -----X----- ----X----- -----X----- ----X-----
--
— 1—
dz
Figure 3.A two-dimensional model for discretizing the
anomalous source region into constant density
cells. An x indicates the surface point of measurement.
9.
observation station at the surface. This relationship is given by 
equation (15).
In matrix form, the problem is arranged in the following manner:
Agll “ A n  A  i 2 . . . A i n " ” A p i “
Agi2 A  2 1 . . . A 2 n Ap2
•
l_Ag±n_ - A n 1 . . . A nn _
(20)
The gravity anomaly data, AgJ( is known from measurements at the
surface, and the A matrix elements have been mathematically 
calculated (equation (15)). To solve for the unknown, Ap, the |A | 
matrix must be inverted, resulting in the matrix form
" A p r " A n  A 12  . . . A i n  “
-1
A g l l
A p 2
••
A 2 1  . . . .  A 2 n A g ± 2
•
••
_ A p n _
• •
-  A n 1 . . .  A nn _
•
_Ag_Ln_
(21)
or the matrix notation
I Ap| = (A-l) [Agil . (22)
Solving for [ Ap], we should obtain a grid whose cells approximate the 
sub-surface density distributions.

10.
Conclusion
A gravity anomaly was generated utilizing the forward problem 
to test the inverse problem. The gravity anomaly (not to exact scale) 
is shown in figure 4. Due to the geometric discretization of the sub­
surface, it is expected that or'y  an approximation of the input 
density distributions will be obtained. The objects size, shape, 
density, and burial depth were entered into the FORTRAN program. 
The object was dimensioned to fit entirely into the center cell of the 
grid. The density structure returned by the inverse process should 
show distinct density concentrations at the grid's center, 
approximating the geometry of the circle by blocky grid cells.
While the forward problem successfully results in the production 
of a gravity anomaly (Figure 4), the solution to the inverse problem 
breaks down when inverting the distance matrix, |A). The inversion 
of [A] results in a solution which oscillates between positive and 
negative values. This oscillation is not physically possible, and it 
inhibits the determination of the density structure. An uncon­
strained situation exists which leads to failure in solving the inverse 
problem. It is suspected that this failure stems from a computer 
programming error.
Discussion
While the inversion theory appears valid, it cannot be tested until 
the problem with the matrix inversion technique is solved. Three 
different matrix inversion techniques were tested, and they all 
return oscillating results for this problem. The possibility that the
II.
Figure 4. This is an example of the gravity profile (not to
exact scale) that results from the physical situation 
depicted on the sub-surface grid. The generalized 
inverse technique should return a density structure 
which us approximates the circle using the grid 
cells.
12.
[AJ matrix may be ill-conditioned is not expected since the matrix 
was constructed so that it does not contain any zero elements. The 
source of the problem may lie in a programming error causing the 
failure to properly prearrange the |A | matrix for inversion.
Last and Kubik (1983) point out that the situation may be 
nonunique if the number of cells exceeds the surface data points.
Also, the solution will be very nearly singular if the number of data 
points equals or exceeds the number of cells. Our current situation 
has an equal amount of cells and data points which may cause a 
problem when the matrix is inverted. To test whether the source of 
error exists here, the problem should be under-determined by 
utilizing a lesser number of cells.
Pedersen (1977) points out that a linear system which is close to 
being a singular inversion produces has a solution which will 
oscillate. He states that to avoid the problem, the inversion should be 
applied to solve non-linear equations, convergence must be fast 
and safe, and the inverse should be controlled by reducing the errors 
of the model parameters. In our problem, it was determined that 
through the iterative process of solving for the inversion of |A |, the 
data became extremely small and approached values near zero. A 
tolerance was set to better constrain the matrix. A value at which 
the |A] elements where determined to approach zero at an 
increasingly rapid rate was chosen for the tolerance to avoid near 
zero quantities. The matrix continued to fail to converge.
The parameters of the forward problem must continue to be 
evaluated in order to determine whether the physical situation 
depicted in this problem produces an inherently unconstrained 
solution. However, since this article currently proposes that the 
forward problem is well-constrained, it is suspected that the failure 
of the inversion technique to produce a solution could be due to an 
error in programming.
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